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One task of the analysis of �o w cytometry data is iden-
tifying subpopulations of cells (gating).
This is typically done manually in consecutive 2-D pro-
jections.
Problems:

� Manual gating results in subjective outcomes.

� The human brain is not good at working with high-
dimensional data. Consecutive 2-dimensional pro-
jections are unlikely to �nd the `best' gate, or even
the informative 2-D views (there are 66 2-d pro-
jections of 12-d data.)

� Manual gating is time-consuming. But there is an
increasing need for high-throughput analysis.

Automatic gating has the promise of results that are
objective, faster, and better (more informative).
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One approach (Walther, Belitskaya, Herzenberg, Moore,
Pan, Parks):

Idea is to follow the paradigm of manual gating and
automate various parts:

� Investigator chooses 2-D projection.

� Algorithm automatically gates in this 2-D projec-
tion.

� One or several subpopulations may be extracted
for further gating in other 2-D projection.

Advantage: Follows the paradigm of successive 2-D
gates that people are used to and that can easily be
visualized. Investigator is not presented with a high-D
result from a `black box'.
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Algorithm automatically gates 2-D projections. In prin-
ciple, can be readily extended to high-D.
Basic idea of algorithm:

� Put data on a multivariate grid for fast processing
of the following:

� Compute density surface and gradient on the grid
via multivariate FFT.

� Decide which grid points have a gradient that is
signi�cantly different from zero (statistical prob-
lem of multiple testing, no details here).

� Link those grid points by chaining them together
in the direction of the gradients (uphill).

� All grid points that can be traversed along a chain
form a cluster.
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A more ambitious analyses, e.g. attaching uncertain-
ties to the assignments of the cells, one needs a model
for the cell populations.

The appropriate model is a mixture:
f ( x) =

P k
m=1 � m f m ( x) .

� m : proportion of cells falling mth cluster
f m : conditional density in the mth cluster.

Clustering with a mixture model:

1. Estimate � m ; f m

2. Assign X i to the component m with the highest
posterior probability �̂ m f̂ m ( X i ) =

P k
j =1 �̂ j f̂ j ( X i ) .

Advantage of using a mixture model for clustering:
Gives not only an assignment of the data to the k
groups but also a measure of uncertainty for this as-
signment via the above posterior probabilities.
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When the f̂ m are parametric densities (e.g. normal),
�tting the mixture is a classical application of the EM
algorithm:

Iteratively assign the data based on the current MLEs
and update the MLEs based on these assignments.

Problems:

� Clusters in FACS data are not normal, but some-
times have skew and nonconvex contours.

� If the parametric model is misspeci�ed, the as-
signments and uncertainties can be considerably
off.
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So most commonly used parametric densities won't
work well for FACS data.
One way out is to make the parametric densities more
�e xible, e.g.
by applying a Box-Cox transformation (Lo et al.), or
by introducing a skewness parameter (Pyne et al.).

Ideally, one would like to make the EM machinery
for clustering work with more �e xible (nonparametric)
components.

Fundamental question: What is a reasonable model
for a component (cluster)?
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Attractive nonparametric model: log-concave densi-
ties.

f is log-concave if log f is concave.
Simple example: normal f :
log exp( � 1

2x2) = � 1
2x2, parabola is concave.

This is an attractive model (GW 2002):

� �e xible nonparametric model that contains most
parametric densities

� log-concave MLE exists, no tuning parameter re-
quired

� can be computed with available algorithms

� MLE has good statistical properties
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The univariate MLE can be computed with the Itera-
tive Convex Minorant Algorithm (GW 02, Ru�bach 06,
Pal et al. 07).

Even faster computation is possible with an active set
algorithm (Dümbgen, Hüsler & Ru�bach 07). Finds
exact solution in a �nite number of steps (in principle).

As the MLE exists, one can attempt to apply the EM
machinery for clustering.

This idea works (Chang and GW 07).

Shortcut: Run the usual Gaussian EM and use the
solution as starting point for 5 more EM iterations with
the log-concave MLE.
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Gaussian EM (dashed) vs. log-concave EM (solid) for
500 obs. from a gamma location mixture (dotted):
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Number of misallocations in 1000 simulations:
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Mean absolute errorr of estimated membership prob-
abilities:
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Gaussian EM (dashed) vs. log-concave EM (solid) for
500 obs. from a normal location mixture (dotted):
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Number of misallocations in 1000 simulations:
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Mean absolute errorr of estimated membership prob-
abilities:
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Conclusion:

The log-concave MLE provides a �e xible nonparamet-
ric model that results in improved performance with-
out any noticeable penalty in the special case where
a parametric model is appropriate.
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The multivariate case

Again the MLE f̂ n exists uniquely, log f̂ n is piecewise
linear on simplices (Cule & Samworth 08).
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Computation is different, uses Shor's r-algorithm, but
it's slow for large samples in high dimensions (n =
1000 , 4d: 37 min).
Ef�cient algorithms are an open problem.

Fast alternative: Use log-concave MLE for univariate
marginals and model the dependence structure with a
normal copula (Chang and GW 07).

This option has the advantage of computational sim-
plicity:
It says that in each cluster ( X i 1 ; : : : ; X id ) satis�es
(� � 1F1( X i 1) ; : : : ; � � 1Fd( X id )) � M V N ( 0; � ) , where
F j is the cdf for the j th marginal.

To compute the MLE, compute the MLEs F̂ j using the
univariate algorithm, then compute the MLE for � us-
ing the transformed data � � 1F̂ j ( X ij ) .
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This model is simple but �e xible:

20



Ex: 1000 obs. from a mixture of a bivariate normal
and a normal � gamma:
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Number of misallocations in 1000 simulations:
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Mean absolute errorr of estimated membership prob-
abilities:
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Repeating the simulation with normal mixture data:
Number of misallocations in 1000 simulations:
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Mean absolute errorr of estimated membership prob-
abilities:
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Summary

� Log-concave distributions form a �e xible nonpara-
metric class.

� The MLE exists, has favorable theoretical perfor-
mance properties, and can be computed with avail-
able algorithms. No tuning parameters required.

� Using the log-concave MLE leads to tangible im-
provements in a number or relevant problems, such
as clustering with the EM algorithm.
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